We develop methods for comparing the quasi-equilibrium theory of gravitational galaxy clustering with other theories in the non-linear regime. The volume integrals, N , of the gravitational N-point correlation functions are expressed as functions of the quasi-equilibrium parameter b in a closed form which is exact to all orders of b. This shows that the N scale as N=2] N?1 2 ] N?1 for small b, but break out of this scaling as b evolves. We show how to derive the quasi-equilibrium distribution functions from the void distribution by explicitly keeping the N constant. Our results provide a simple proof that all the N are invariant to random binomial selection of subsamples. They also clarify properties of the skewness and kurtosis of the quasi-equilibrium distribution.
INTRODUCTION
The study of the large-scale distribution of galaxies has become more quantitative through the use of a number of statistical techniques. The low-order spatial correlation functions, fractal measures, topological descriptions and distribution functions are all methods of current interest. For a deeper understanding of galaxy clustering, we need to relate these statistics to the dynamical physics which describes their evolution. The main physical processes at work, at least up to scales of several tens of megaparsecs, appear to be gravitational Saslaw 1986, 1988) . Therefore it seems especially important to understand the gravitational evolution of these statistics.
Links with gravitational physics have been developed extensively only for the twopoint spatial correlation function (see, e.g. Peebles 1980 and Saslaw 1985 for reviews) and for the distribution functions (e.g. Saslaw et al. 1990) . Relations between the correlation functions and gravitational dynamics have mostly been developed for the linear regime where the clustering is relatively weak. When the clustering becomes comparable with the average density, a quasi-linear analysis can describe the twopoint correlation function, but, as Inagaki (1991) showed recently, the quasi-linear analysis cannot be extended to the 3-point or higher-order correlation functions. In the non-linear regime, the usual BBGKY analysis of the correlation functions becomes intractable unless very restrictive assumptions are made.
On the other hand, gravitational evolution of distribution functions can be followed in the non-linear regime by using a quasi-equilibrium thermodynamic approach (e.g. Itoh, Inagaki and Saslaw 1988; Inagaki, Itoh, and Saslaw 1992; Itoh, Inagaki and Saslaw 1993) . Moreover, these distribution functions can be related to volume integrals of the correlation functions to all orders (Balian and Schae er 1989) .
In Section 2 we review and clarify some aspects of the relation between correlation functions and distribution functions. Then we apply these relations to the gravitational quasi-equilibrium distribution. Expressing the quasi-equilibrium distribution function directly in terms of volume integrals of the correlation functions, enables us to derive its scaling properties throughout the non-linear regime. It also shows how all the distribution functions follow from the void distribution. We also discuss the low order moments of the quasi-equilibrium distribution function in both the discrete particle and the uid limits.
In Section 3 we use the non-linear development of the galaxy distribution functions to derive the non-linear development of the galaxy correlation functions. In obtaining this result, we clarify the relation between the linear theory of Zhan (1989) and Zhan and Dyer (1989) and the non-linear theory. The time when the speci c heat reaches a maximum is shown to provide a good measure of the transition between the linear and non-linear regimes. This is also very close to the time when the probability for nding a cluster with two galaxies becomes a maximum relative to the probability for nding a cluster with N > 2 galaxies. We then calculate the evolution of other thermodynamic properties of gravitational galaxy clustering, such as the temperature, the internal energy, and the entropy.
In Section 4 we explore the properties of the quasi-equilibrium gravitational distrib-ution on very large scales. We show that on large scales the distribution has a Poisson form that becomes Gaussian as N tends to 1, consistent with the recent COBE discovery (Smoot et al. 1992) of Gaussian uctuations in the microwave background. Section 5 discusses our results further.
DISTRIBUTION FUNCTIONS AND THE N-POINT CORRELATION FUNCTIONS
2.1 Formal relations We rst summarize the main relations between correlation functions and the distribution function. These relations are purely formal in that they depend only on the combinatorics of a given distribution of points, and not on any underlying physics which produces the distribution, or causes the distribution to evolve.
For any distribution of points the distribution function, f V (N), is the probability that a randomly placed volume of size V (or in two dimensions an area, which may be projected on the sky) contains exactly N particles. This distribution function may be represented compactly by the generating function (discussed by Laplace) g(s) = 
Since the sum of the f V (N) over all N is normalized to unity, we have g(1) = 1. Generating functions are particularly useful when the sum in equation (1) can be written in a closed analytic form. Then we can recover any particular distribution f V (N) through the derivative
Evaluating the k th derivative at s = 1 gives, by de nition, the k th factorial moment, m (k) of the f V (N) distribution:
These factorial moments can also be generated from
by using the binomial expansion of (1 + s) N . For some distributions, a knowledge of all the factorial moments is equivalent to the original distribution. When this is the case, the distribution can be obtained from
(For the lognormal distribution, for instance, equation (5) The generating function of any statistically homogeneous and isotropic point distribution can generally be related to volume averages of its N-point correlation functions. Balian and Schae er (1989) 
where N is the expected number of particles in a cell of volume V . That is, N = nV , where n is the average density of the entire distribution. The void distribution is just the probability, f V (0), that a randomly placed cell is empty. Equations (1) and (7) show that it has the form (White 1979) 
Similarities between f V (0) and g(0) in equation (7) suggest that derivatives of the void distribution can also be related to the other f V (N) distributions. Indeed, comparing these derivatives with equation (2) shows that (White 1979) f
provided the derivatives are evaluated for xed values of the correlation integrals N and for xed volume V (Balian and Schae er 1989) . This constraint is crucial. To ensure that it holds, it is necessary to know or to measure the multi-dimensional volume integrals of all the correlation functions N .
Sometimes it is necessary to compare sub-samples of a parent distribution. For random binomial selection, the generating function, g B (s), of the distribution function, f B (N), of the sampled population, is related to the generating function, g P (s), of the parent distribution, (M), by (Lahav and Saslaw 1992) , where p is the probability that an object in the parent distribution is present in the selected sub-sample, and q 1 ? p. Using equation (10) the selected distribution can be related to the generating function, g P (s), of the parent distribution by: 
where the rst equality follows from equation (2). This shows how the distribution function for a randomly selected sub-sample will di er from that of the parent population.
When the probability of selection is p the sub-sample will have number density N = p M if the parent distribution has number density M. So, using equation (7) for the rst expression on the left of equation (10) 
However, equation (7) also shows that g P (q + ps) = exp
Using equation (10) gives the result that
for all N. This shows that the N of a sub-sample are exactly the same as for the parent distribution, provided the selection is random binomial. Equation (14) will not generally be satis ed for other selection processes. We would also expect this result heuristically from the de nition of the N-th order correlation function, N , as the average product of the excess density in N regions normalized by h ni N . If the density is reduced uniformly randomly throughout the system, both the numerator and the denominator of N are reduced in the same proportion for a statistically homogeneous distribution. Thus, random sampling changes the form of the distribution functions, but does not a ect the N . On the other hand, homologous selection which will not change the form of the distribution functions, will change the N . In this sense, distribution functions emphasize information di erently than do correlation functions.
These results do not depend on the particular nature of the N-point correlation functions. They show that each distribution function, including the void distribution, contains information about all the correlation functions. Each distribution function weights the correlation functions di erently, and therefore emphasizes structural information on di erent scales. Neither f V (N) nor N retain information about where the particles are placed in a volume element, although it may be possible to extract some of this information by suitable spatial ltering.
Models of gravitational galaxy clustering
To go further, we need either to assume particular forms for the N or to determine the distribution functions directly. Scaling theory (Balian and Schae er 1989) 
where is any nite number and is the slope of the average 2-point correlation function (which is itself assumed to be a power law). Then the void probability of equation (8) 
The scaling assumption implies that depends on n and V only as ( N 2 ). Once this scaling function has been determined, all the other distribution functions follow from equation (9). Finding ( N 2 ) is not so easy. Its properties at certain limits provide some useful constraints. Over most of its range, however, it seems necessary to give it a phenomenological form with several parameters to enable it to t a particular distribution. To t a cold dark matter (CDM) N?body simulation (Bouchet, Shae er, and Davis 1991) , for example, requires a rather complicated ad hoc function for containing ve parameters. Other distributions would require other ad hoc functions for .
Moreover, since the de nition of a`galaxy' in these simulations is somewhat arbitrary (depending on the strength and type of biasing involved in the galaxy assignment algorithm) the relation between their analysis and the large scale clustering of galaxies in the actual universe is, as yet, unclear.
While the scaling assumption may be useful in some regimes, and may be adjusted to t N-body simulations (Bouchet and Hernquist 1992) , its physical theory is far from complete. For example, the scaling approach is restricted to statements about the status of the clustering at a given epoch and does not describe the dynamics of the clustering process. We turn therefore to another approach.
The quasi-equilibrium gravitational theory is concerned directly with the galaxy distribution functions themselves. It circumvents the correlation function description by making a di erent set of assumptions. These assumptions, discussed elsewhere in more detail (Saslaw and Hamilton 1984; Saslaw 1985; Saslaw et al. 1990; are that:
1. Galaxies interact gravitationally as particles with a pairwise potential. 2. The galaxy distribution is statistically homogeneous when fairly sampled over large regions. This implies that on very large scales the distribution is not coherent (i.e. it has random phase) and in this limit the distribution has a Poisson form.
3. The ratio of gravitational correlation energy, -W, to twice the kinetic energy, K, of peculiar velocities, i.e. (18) below to counts of cells of di erent sizes (e.g. Itoh, Inagaki, and Saslaw 1988; Suto, Itoh, and Inagaki 1990; Saslaw and Crane 1991; Bouchet et al. 1991; Lahav and Saslaw 1992) . The scale dependance of b pattern is just the geometrical property that number counts on scales less than the correlation length-scale tend towards a Poisson distribution. 4. The distribution evolves through a sequence of equilibrium states: a quasiequilibrium evolution. Naturally since an unbounded system of gravitating objects always tends to cluster, it has no equilibrium state. However, since clustering in the expanding universe is generally slow compared with the expansion timescale, quasiequilibrium evolution is a good approximation. Indeed, it has been demonstrated (Itoh, Inagaki, and Saslaw 1988 ) that relaxed evolution occurs through equilibrium states for a wide range of conditions. In order to nd the equilibrium state, using assumptions (1)- (3), we must consider a grand canonical ensemble of systems. Each member of the ensemble, which consists of cells of a given volume in the universe, may have a di erent number of galaxies and total energy. Therefore their correlation functions will generally depend on density, n, and temperature, T, as in equation (17). The correlation functions in the scaling theory, equation (15), do not depend on density and temperature, because they refer only to one system, having a given distribution, rather than to an ensemble of systems. The additional information implied by the equilibrium nature of the ensemble is absent in the scaling theory. It is this information in ( N ) which must be added ad hoc to represent each particular distribution in the scaling theory. (Presumably could be derived, in principle, from the underlying physics in each case, but there does not seem to be any simple way to do this apart from following the detailed orbital motions.)
Assumptions (1)- (4) 
This distribution function has been found to apply to a wide range of N-body simulations (see Itoh, Inagaki and Saslaw 1993 and earlier references therein) and also to provide a good description of the distribution of galaxies Saslaw 1986, 1988; Saslaw and Crane 1991; Lahav and Saslaw 1992) and clusters of galaxies (Coleman and Saslaw 1990). It has also been extended ) to obtain the peculiar velocity distribution function of gravitationally clustering galaxies in the universe (the analogue of the Maxwell-Boltzmann distribution in a perfect gas). In these analyses, any dark matter is assumed to be either associated with the point mass galaxies or to be uniformly distributed throughout the universe. Thus it does not a ect the form of the clustering. In fact, this assumption can be used (Saslaw, Antia and Chitre 1987) to put limits on the amount and distribution of intergalactic dark matter consistent with the observed galaxy distribution functions.
2.3 Relation of the quasi-equilibrium gravitational distribution function to the void generating function and the N We now show explicitly how the quasi-equilibrium distribution function is related to the volume integrals of the galaxy correlation functions. In doing so we demonstrate how the distribution of equation (18) satis es the relations of equation (9) between the various N-point distributions and the void distribution.
Equation (18) gives f(0) = e ? nV (1?b) (19) for the probability that a randomly placed volume, V , is empty (i.e. it contains N = 0 galaxies). Applying equation (9) 
where does not depend on n, T, or spatial scale. At this point we seem to have used the prescription given in equation (9) and it ought to have provided the probability f(1). However, equation (20) does not agree with f(1) obtained directly from the closed form of equation (18), except in the limit b 1. Therefore it has been stated a number of times that the gravitational quasiequilibrium distribution (18) does not satisfy the relation of equation (9).
We will now show that this is incorrect. The basic reason is that equation (19) for the void distribution is derived by supposing the correlation functions to depend on n, as they must in a grand canonical ensemble. Therefore its derivatives must be computed with the N explicitly held constant. This has not been done in obtaining equation (20), which therefore does not follow the prescription of equation (9) correctly. The correct analysis follows.
Since the quasi-equilibrium thermodynamic approach was developed to circumvent the shortcomings of the correlation function approach, equation (18) is expressed in a form which does not make its correlation function dependance obvious. Clearly, we must rewrite equation (18) in terms of correlation functions in order to follow the prescription of equation (9) with the N kept constant.
To do this, we start with the generating function for the quasi-equilibrium gravitational distribution function (Saslaw 1989) g
The function, h(s), is given by
where we de ne h(N = 0) h(s = 0) = b. Using equation (3) we can now construct the various factorial moments of the distribution function (eq. 18). From the form of the generating function (eq. 22) it is clear that the k th factorial moment of the f(N) distribution will involve all the i th factorial moments of the h(N) distribution where 1 i k. Similarly, from the form (eq. 7) of the generating function involving the correlation functions, the k th factorial moment will involve all the i where 1 i k. Equating the factorial moments from the two generating functions we obtain: (24) This is the relation found previously by Zhan and Dyer (1989) . Equation (24) can now be used to write all the factorial moments of the h(N) distribution in terms of volume integrals of the correlation functions. Since the h(N) distribution is determined uniquely when all its moments are known, we can use the form of equation (5) to write each h(N) in terms of the k (since they are related to the factorial moments) rather than in terms of b. This gives
for the h(N) distribution. Thus, for example, the h(N = 0) term is
Clearly, di erent h(N) terms will involve di erent combinations of the various k . It remains now to write the f(N) distribution in terms of the k . Using equation (2) we can write the f(N) distribution in terms of the h(N) distributions. Calculating the h(N) distribution in terms of the correlation functions (eq. 25) then gives the quasi-equilibrium gravitational distribution function in terms of the k . The results for f(0) and f(1) are
and other f(N) can be computed analogously. For both these equations, the rst expression on the right is obtained from the closed form (eq. 18) of the distribution function. The nal expression is obtained using the relation (eq. 25) involving the h(N) terms and the k . We can now calculate the derivative of the void distribution as represented by the last expression on the right of equation (27):
which is exactly the last expression in equation (28). We have shown, explicitly, that taking the derivative of f(0) with respect to n at constant values of the N does indeed yield the probability f(1). Term by term analysis shows that equation (9) is satis ed for larger N as well. We conclude that the quasi-equilibrium gravitational distribution satis es the requirement (eq. 9) that the higher f(N > 0) distributions can be obtained from f(0), the void probability.
In the thermodynamic analysis, the natural log of the inverse of the void probability is the thermodynamic potential for the grand canonical ensemble. All thermodynamic quantities can be obtained from various derivatives of this potential. Therefore it should not be so surprising that the distribution functions for all N > 0 can be found from the thermodynamic potential. In fact, the closed form (eq. 18) of the distribution function was originally obtained (Saslaw and Hamilton 1984) by deriving the other distributions from the void distribution. The original derivation, however, did not involve correlation functions.
Our calculation here is also useful for comparing the quasi-equilibrium distribution to various other statistical distributions, many of which are more naturally expressed in terms of correlation functions. In particular, theories with di erent prescriptions for galaxy correlation functions can now be compared to the quasi-equilibrium gravitational theory directly, whatever their basic assumptions are. We next use these results to illustrate the comparison with scaling theory, as an example.
2.4 Scaling and the quasi-equilibrium gravitational distribution From the results in the last section, it is possible to obtain the quasi-equilibrium gravitational N in closed form, rather than having to explicitly sum over the factorial moments of the h(N) distribution. The results can then be compared with the form of the N required by equation (15) in the scaling approach.
Equation (24) shows how the correlation integrals are related to derivatives of h(s). Using the result (Saslaw 1989) 
gives the correlation integrals in terms of b :
The derivatives are then easily evaluated since b = b when s = 1 and for the rst few N this gives the exact results (to all orders of b): 
For b 1, the quasi-equilibrium gravitational N satisfy the relation:
If S N are de ned so that: N = S N 2 ] N?1 (34) then the scaling theory is equivalent to the assumption that all the S N are independant of scale. So, for b 1, the quasi-equilibrium N satisfy the scaling assumption. The exact relations (eq. 32a-e) show that, in the quasi-equilibrium gravitational theory, the S N are functions of b. If the values of b = b pattern are obtained just from ts of equation (18) to the spatial distribution, the N will not in general appear to be scale invariant. In the 0 = 1 cosmologies, b pattern b physical (Itoh, Inagaki and Saslaw 1988) which is scale invariant for su ciently large fair samples, and these cases will come closest to exhibiting scaling.
Whereas, in scaling theory the scaling of the galaxy correlation functions is seen as a characteristic end product of the gravitational interaction (Bouchet and Hernquist 1992) , in the quasi-equilibrium gravitational theory, the galaxies evolve and eventually relax into a distribution in which the correlation functions are almost, but never quite exactly, scale invariant. In this sense, one may think of the quasi-equilibrium gravitational distribution as describing a solution of the BBGKY hierarchy that is perturbed slightly from the scaling theory solution. The quasi-equilibrium theory involves a set of correlation functions that has escaped from the restrictions of scale invariance. This is because, in an expanding universe, gravitational relaxation is never complete.
Moments of distribution functions
The di erence between distributions is sometimes more easily characterized by considering moments of the distributions, rather than the entire distributions themselves. 
De ning the S F and K F analogously to S and K, but using equations (40a-c) as the moments shows that they are S 3 and S 4 respectively. 
so, in the uid limit, both S F and K F are functions of b.
What is the interpretation of b in the uid limit? The limit N = nV tends to 1 means that either n or V or both are very large. In the usual uid limit N ! 1 and V ! 1 such that N=V ! n = constant and n is very large. In the limit of in nite density ( n very large) b tends to unity (from eq. 21). Since the number density of galaxies is always small in our universe, however, this is not the appropriate observational limit. Instead, it is more useful to consider the limit where the cell size V becomes very large. Then S F and K F are functions (eqs. 38,39) of b pattern , and b pattern is generally neither equal to 1, nor is it scale invariant. This is consistent with the results of where S, K, S F and K F were found to be functions of scale.
The values of S, K, S F and K F have been measured for various galaxy catalogues, both in real and in redshift space (Gaztanaga 1992; ). The results are uncertain. Most of these measurements give di erent results which are in the range 2 < S < 5 and 5 < K < 100. All the possible values for S, K, S F and K F for the quasi-equilibrium distribution fall within these limits.
Requiring the skewness and kurtosis to be t by the same value of b at a given scale provides a loose constraint on the value of the b parameter. This constraint is much looser than that obtained by tting the entire theoretical distribution (rather than just combinations of a few of its moments) to the observations. Thus, while skewness and kurtosis are helpful additional measures of distributions for which only the lowest order correlation functions are known, comparison of the entire distribution to the observations is more useful when the form of the entire distribution is known.
LATE-TIME EVOLUTION OF THE N

Linear and non-linear evolution
Having obtained a relation between the quasi-equilibrium distribution function and the various correlation integrals, N , of the galaxy distribution, we can now extend the analysis of the distribution function's time evolution to the time evolution of the volume integrals, N . Zhan (1989) calculated the evolution of b within the context of linear theory. He found that the linear theory was able to provide good ts to the b = b pattern values obtained from relevant (Poisson initial conditions) N-body simulations of galaxy clustering for both high ( 0 = 1) and low density ( 0 = 0:1) cosmologies. The reason for the di erence between the b physical and b pattern values was not, at that time, well understood.
It has since been shown that an adiabatic hypothesis for the rate of gravitational galaxy clustering gives a physical description of the relevant N-body experiments in the non-linear regime ). The dashed line shows the linear theory calculation of Zhan (1989) . Solutions for the linear theory were obtained analytically for 0 = 1 and numerically for 0 = 0:1. (It is necessary to specify an additional parameter when calculating the linear theory for the 0 = 0:1 model. Figure 1(b) shows the linear theory calculation for a model where 0 = 0:1 at an expansion factor R = 26; again, this is consistent with Zhan 1989 .) The solid line is another t of the non-linear evolution to the data using the prescription explained in the next sub-section. Since lower density universes expand faster relative to their gravitational time-scale, the adiabatic approximation is better when 0 is smaller . Thus, the agreement between the non-linear theory (solid and dotted lines) and b physical from the simulations ( lled circles) is better in Figure 1 (b) where 0 =0.1 than in Figure 1(a) where 0 =1.
Transition from linear to non-linear clustering
The values of R used for the dotted line in Figure 1 were taken from the simulations at their smallest expansion R i where the distribution appears to relax from its original state. We now propose a more physical criterion for obtaining the value of R by considering the speci c heat. The speci c heat at constant volume, C V , for the system of galaxies can be written in the form 
In Figure 2 we plot C V as a function of b. It reaches a maximum value, 5=2, when b = 1=3, then decreases smoothly through C V = 0 at b crit =0.8604 until it reaches ?3=2 at b = 1. We suggest that the system becomes essentially relaxed at the maximum value of C V . This suggestion follows from the form of the multiplicity function. The generating function of equation (22) can be decomposed into a distribution of multiplets, each with 1, or 2, or 3, or...N galaxies. The centres of each multiplet have a Poisson distribution throughout space, and they can overlap. The result is equivalent to the distribution of equation (18) if the probability, (N), for nding a multiplet containing N galaxies is (Saslaw 1989) (N) = (Nb) N?1 N! e ?Nb :
The maximum of (N) for any value of N occurs at b = (N ? 1)=N. However, the di erence, (2) ? (3), of binaries relative to triplets is greatest for b = 0:312 which is close to 1=3. In Figure 3 This result suggests the following approximate physical interpretation for the behavior of the speci c heat C V . Initially the galaxies are distributed randomly and the system behaves as though it were a perfect monotomic gas (C V = 3=2). When the system begins to relax, the gravitational interactions cause galaxies to cluster. Binary pairs form which tend to push the speci c heat upwards towards the diatomic regime. However, once a galaxy is rmly bound into a larger multiplet, the e ect of adding energy to the system is to make the galaxy rise out of its cluster potential well, resulting in a loss of kinetic energy equivalent to a loss in temperature. Thus, there is an interplay between the binary and other small systems which tend to push the speci c heat up, and the larger bound systems which tend to decrease the speci c heat. The net speci c heat is an average over all these multiplets. As long as the number of binary systems is increasing relative to the number of larger bound systems, the e ect of adding energy to the system will be to increase the speci c heat . At about b = 1=3 the number of binaries relative to triplets is maximal. As b continues to increase, the number of binaries relative to triplets decreases. For b > 1=3, the e ects of larger clusters on the speci c heat begin to dominate, and C V decreases steadily as b increases further. For C V < 0 the galaxy clusters determine the energetics of the system. The limit of C V as b ! 1 can be understood since in this limit the system becomes virialized on all scales and the speci c heat of a virialized gravitational system is ?3=2.
We have shown that at b = 1=3 the larger size clusters begin to dominate the energetics of the entire system. This is the regime where linear theory becomes less valid. It is at values of b > 1=3, therefore, that we expect di erences between the linear perturbation theory and the non-linear theory to become manifest. In the notation of the linear theory, this corresponds to the time when a density perturbation normalized to its initial value, (t)= (t i ), is 1:5 in an 0 = 1 universe.
Thus, the value of R which speci es the non-linear evolution of the theory, can be calculated directly from the linear theory of Zhan and Dyer (1989) . Speci cally, R i is the expansion radius at which b = 1=3 in the linear theory. In this way there are no free parameters in the choice of adiabat. The resulting non-linear evolution of b (b i = 1=3; R i = 2:3; R = 1:85 and b i = 1=3; R i = 2:7; R = 2:18 for 0 = 1 and 0:1 respectively) is plotted as the solid line in Figures 1(a) and (b) . It agrees well with the earlier tted curve.
3.3 Evolution of the N , the temperature, the internal energy and the entropy Having determined the dependance of b on R, it is now straightforward to use equations (32a-e) to calculate the evolution of the N as the universe expands. It is important to recall that the linear and the non-linear theories describe the evolution of b pattern and b physical respectively. Zhan's (1989) linear theory which describes the evolution of b pattern is more directly related to the evolution of the spatial correlation functions than to the peculiar velocity correlations. These spatial correlation functions are the ones most often observed. The non-linear theory of the evolution of b physical refers to the evolution of the correlations including information about peculiar velocities. Observations of velocity correlation functions await accurate secondary distance measures of galaxy positions. Of course, they may still be tested with N-body experiments.
In Figures 4(a) and ( 
To nd T(R) we can use the cosmic energy equation (Layzer 1966) 
which is also implied by the adiabatic hypothesis . Substituting d=dt = _ R(db=dR)(d=db) into equation (47) and using b = ?W=2K to eliminate W gives
where we use dR=db = R(1 + 6b)(1 ? b) ?1 =8b from (eq. 43). This has the simple
for T(b) and hence T(R). The value of K follows by matching the N-body simulations at b = 1=3. The evolution of the kinetic energy may be understood as follows. As the universe expands there is a tendency for peculiar velocities of unbound particles, v pec , to decay. For a smooth background cosmology the equations of motion give d(Rv pec )=dt = 0, whence v pec / R ?1 and K / R ?2 . Equations (43) and (49) show that, in fact, K / R ?2 (1 ? b) ?7=4 . The (1 ? b) ?7=4 factor represents the e ect of the clustering process on the kinetic energy. As the clustering (characterised by b) increases, most of the kinetic energy is in partially or totally bound clusters which are not much a ected by the expansion. Thus, equation (49) shows that at late times (higher b) the kinetic energy becomes almost constant. This result agrees with the late time behaviour seen in N-body simulations (Figure 9 of Itoh, Inagaki and Saslaw 1988) in low density cosmologies ( 0 = 0:1 and 0:01). When 0 = 1 the adiabatic hypothesis is not satis ed as well as for less dense universes, and so the evolution of the kinetic energy after relaxation is not described as well either.
Knowing the evolution of n, T and b determines the evolution of all thermodynamic quantities. Thermodynamic quantities, being related to the gravitational physics, involve b physical . Therefore the relevant evolution is computed using b physical from the non-linear theory with R determined for b i = 1=3. We calculate two of the more important quantities as examples. 
where the nal two expressions are obtained by substituting equations (46) and (49) for n and T. Figure 6 shows how the speci c relative entropy, S N ? s o ? s c , increases with b. Together, gures 5 and 6 show that the gravitational clustering process tends to decrease the total internal energy and maximize the entropy.
LARGE-SCALE BEHAVIOR OF THE DISTRIBUTION FUNCTION
When particles are counted in very large cells, their distribution functions are often Gaussian even though there is pronounced structure on small scales. We show that this also holds for the quasi-equilibrium gravitational distribution. This is particularly interesting in view of the Gaussian spatial uctuations observed by COBE (Smoot et al. 1992) in the cosmic microwave background.
We can write equation (18) Although b pattern depends on scale, it becomes constant in the limit of large cell size (Crane and Saslaw 1991) . The variance of the Gaussian distribution at very large cell sizes is determined by N, and by the value of b pattern . Therefore, if the distribution is described well by the quasi-equilibrium gravitational distribution function, larger cell sizes will be well described by a Gaussian distribution with a variance that scales with N and depends on b. In general, this will not be true for an arbitrary distribution. Since structure on scales 10Mpc has not had time to relax signi cantly from its initial state, the distribution function for large cell sizes may be a probe of initial conditions. If the large scale distribution depends only on N, it would suggest either Gaussian initial conditions, as in assumption (2) above, or, that initial large scale coherence was broken up by subsequent relaxation.
CONCLUSIONS AND DISCUSSION
We have derived several properties of the gravitational quasi-equilibrium theory of galaxy clustering which enable it to be compared with other approaches, and with observations. These properties also extend our understanding of the non-linear dynamics of gravitational galaxy clustering. Our main results are:
1. A simple demonstration that volume integrals of all the N-point correlation functions are invariant to random binomial selection of subsamples. This generalizes the similar result for the 2-point correlation function.
2. The void probability function, f(0), is a generating function for the entire quasiequilibrium f(N) distribution. This depends critically on keeping the various Npoint correlation functions constant when taking the necessary derivatives. A related result expresses the f(N) distribution explicitly in terms of integrals of the N-point correlation functions.
3. The quasi-equilibrium distribution is a solution of the BBGKY hierarchy that is scale invariant only at very early times (b 1). At late times the quasi-equilibrium theory describes a hierarchical solution of the BBGKY equations, but is not scale invariant. Non-linear departures from scale invariance can be expressed simply in terms of b.
4. The non-linear evolution of the volume integrals of the N-point correlation functions for adiabatic clustering is calculated. It is much more rapid than linear clustering, especially for smaller values of 0 .
5. The transition from linear to non-linear clustering occurs at the maximum value of the speci c heat at constant volume. This has a simple physical interpretation in terms of the growth of larger and more strongly bound clusters.
6. The quasi-equilibrium adiabatic velocity dispersion of the galaxies evolves according to hv 2 pec i / b ?1=4 , consistent with late time evolution in N-body simulations of low density cosmologies. The internal energy decreases and the entropy of the entire system of galaxies increases monotonically as the universe expands.
7. The quasi-equilibrium distribution has a Gaussian form on very large scales. Clustered distributions have signi cantly higher dispersions ( 2 = N=(1 ? b) 2 ) than unclustered (b = 0) distributions. We also calculated the higher order departures from a purely Gaussian distribution.
It has been speculated that scale-invariance is a generic feature of the gravitational clustering process (Bouchet and Hernquist 1992) . Recently Bernardeau (1992) found that the correlation hierarchy that initially emerges from a Gaussian eld is scale invariant, independant of the initial power law of density uctuations, and nearly independant of . In addition, Bouchet and Hernquist (1992) suggest that the loworder correlation functions in their ( 0 = 1) N-body simulations with white noise and CDM initial conditions are nearly scale-invariant even at very late times, the departures from scale invariance being attributed to the nite size of their simulation. Their results disagree, however, with those of who nd that scale invariance breaks down in the non-linear regime, as our analysis in Section 2.5 also indicates. Larger simulations will show whether the departures from scaling seen by Bouchet and Hernquist (1992) are consistent with those predicted by the quasiequilibrium theory, or if they are entirely due to the nite size of the simulations. Bernardeau's (1992) calculation for Gaussian elds is qualitatively consistent with our result for the quasi-equilibrium theory at early times (when b 1). However, the values for S N calculated for the quasi-equilibrium theory at these very early times (S 3 2:25; S 4 8; S 5 625=16) are much smaller than those calculated to lowest order in h 2 i (S 3 4:86; S 4 45:9; S 5 656) by Bernardeau (1992) . The detailed reasons for this discrepancy have not been explored, but the analyses are quite di erent and apply to di erent regimes. The quasi-equilibrium analysis deals with discrete particles when density perturbations are always very non-linear on small scales and become non-linear on increasingly larger scales as they relax. So, for late times the quasi-equilibrium theory predicts distributions which are never quite exactly scale invariant. Bernardeau's analysis deals with the quasi-linear unrelaxed development of uid perturbations which neglect the discreet particle modes that result from the graininess of the gravitational eld. Both these approaches also make a number of di erent technical assumptions.
The uctuations in the microwave background detected by the COBE DMR experiment (Smoot et al. 1992 ) appear to have a Gaussian distribution with random phase. Assuming that the observed temperature uctuations trace early density uctuations, and also that they grow into galaxies, then the COBE results would map the origin of the distribution functions we have been discussing. The random phase found by COBE agrees with statistical homogeneity which is a basic assumption of the quasi-equilibrium theory. Can the theory account for the Gaussian nature of the temperature uctuations?
If the assumptions in the previous paragraph hold, temperature uctuations can be related to uctuations of the galaxy number counts on large scales. For any given scale the uctuations over di erent regions T=T / = / , where = ( N ? N)= N. 
where now 2 = N ?1 (1 ? b) ?2 = N ?1 eff . The rst term in the exponential is of order unity while the others are each of order N ?1=2 . This shows that f( ) predicted by the quasi-equilibrium theory is nearly Gaussian, in agreement with the COBE observation. Equation (55) also shows how, on large scales, f( ) as predicted by the quasi-equilibrium theory will depart from the Gaussian form when the distribution of uctuations is observed with very high resolution. If more sensitive high resolution studies show that the distribution of T=T does not agree with equation (55), this will be evidence for coherent density perturbations on large scales.
The uctuations of T=T on di erent angular scales will be a ected by the dependence of non-linear galaxy clustering on redshift. Although the detailed analysis of this e ect is rather complicated, we can illustrate it approximately for a universe with 0 = 1. The residual gravitational perturbation of the cosmic microwave background on an angular scale is roughly equal to the density uctuation when that scale appears on the horizon (e.g. Peebles 1980) . In general, an angular scale of (radians) is equal to the horizon ct at epoch z when 
Since temperature uctuations on a given scale are proportional to the mass uctuations on that scale, if most of the mass is associated with galaxies, then h( T=T) 2 i / h( N=N) 2 i. These galaxy number uctuations depend on b pattern (z) which characterizes the amount of galaxy clustering that has occured by redshift z. 
for this scale free range of b where b pattern b physical . Thus, T=T increases with since larger angular scales have entered our horizon more recently when galaxies were more strongly clustered. Detailed calculations along these lines will show more precisely how the development of non-linear galaxy clustering is inscribed in the microwave background.
We thank Ofer Lahav for useful discussions of skewness and kurtosis and comments on the manuscript, and Makoto Itoh for use of data from his N-body simulations. RKS thanks the Department of Astronomy, and the Virginia Institute of Theoretical Astrophysics, of the University of Virginia where some of this work was completed, for their hospitality, and the Marshall Aid Commemoration Commission for a Marshall Scholarship. 
